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1. INTRODUCTION

In this paper we discuss several interesting issues that can emerge in possible nonlinear cointe-
gration models. Although we focus on simple nonlinear-in-variables cointegrated regression models,
our results can be easily generalised to more complex nonlinear formulations. We provide conditions
under which nonstandard asymptotic distributions arise when estimating the parameters of the model.
More specifically, we show that the ordinary least squares (OLS) estimator might be inconsistent and
with an asymptotic distribution which is bimodal. The existence of bimodality has recently been
considered by Phillips (2006), Hillier (2006) and Forchini (2006). In their work bimodality typically
occurs due to weak instrumentation. This is not the case presented here where bimodality arises anal-
ogously to that reported in Phillips and Hajivassiliou (1987) and Fiorio, Hajivassiliou, and Phillips
(2008). We derive a Instrumental Variables (IV) estimator which is consistent and asymptotically
distributed as a mixed normal. Although the results in the paper are simple and trivially obtained
from standard cointegration asymptotics, the implications in statistical inference are significant.

Bimodality arises also in simpler models. We show that when an intercept is erroneously omitted
from a linear cointegrated regression, the distribution of the OLS estimator of the slope parameter is
bimodal. This changes the converge rate of the estimator as well as the distribution of the t statistic.
This result also extends to other linear estimators such as the dynamic OLS (DOLS).

The rest of the paper is organised as follows. Section 2 presents the simplest case arising from the
erroneous omission of the intercept in the cointegrating relationship. Section 3 presents the general
result which permits nonlinearity and potential endogeneity. We also discuss the IV estimator of the

model. Section 4 presents the simulation results and Section 5 concludes.

2. A SIMPLE RESULT

In this section we report the consequence of a simple misspecification problem: the omission of an

intercept in a regression with cointegrated variables. Consider the following assumption.

ASSUMPTION 1. Let ®; = x;_1 + vi, where ; € RF* and v; ~ 1ID(0,92). Furthermore, 1; =

o+ B'xy + uy, where a # 0, uy ~ 1ID(0,02), and E(vsu,) = 0, Vt, 7. Assume that the processes
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Sor(r) = %Z[gﬂ v; and Sy (r) = % E[F‘iﬁ] w;, € [0, 1], satisfy':

(1) Xo1(r) = VTSyr(r) = By(r), and X1 (r) = VTS, 1r(r) = 02Wu(r), asT — oo,

where B (1) € RF= is a multivariate Brownian motion with covariance matrix Q and W, (r) is a

standard Brownian motion. Finally, assume that W, (r) is independent of B(r).?

Now, suppose that an econometrician estimates the regression described in Assumption 1 by OLS

without including the intercept °. In this case, the following trivial result holds.

~ -1
PROPOSITION 1. Define 3 = (Zg;l :Bt:cg) 23:1 x4y, which is the OLS estimator when the

intercept is erroneously omitted from the estimated equation. Under Assumption 1

2) VT (E} - ﬁ) = a [ /0 1 Bv(r)BU(r)'dr] B /O 1 Bo(r)dr.

Several interesting features emerge from the above result. First, the OLS estimator is no longer
super-consistent, as the convergence rate is V/T. This will have serious implications in hypothesis
testing. Second, the distribution in (2) may display bimodality. Figure 1, panel (a), displays the
first marginal component of the asymptotic distribution in (2) for different dimensions, k,, of the
Brownian motion B,,(r) 4 The distribution is clearly bimodal for k£, = 1 and k, = 2. However, the
bimodality disappears as the dimension of B(r) increases. Third, there is a variance reduction as k
grows. In order to compare with the standard result in cointegration theory, in panel (b) we consider
the case where the intercept is zero in the cointegration relationship, such that the usual result holds,
ie,T (B’ — [3) = Uol Bv(r)BU(r)’dr} B fol B, (r)dW,(r). As we can see, the distribution is, as
expected, always unimodal and, contrary to the previous case, the variance increases as the kK, — .

To evaluate the effects of the above result in terms of inference, we consider the simple case of a
single regressor, i.e., k; = 1. Under the misspecified model without an intercept, the distribution of
the t-statistic for Hg : 8 = " is given in the following proposition.

1[X] denotes the integer part of X.

2This last assumption excludes the case where the multivariate random walk is endogenous with respect to 3. Generalizing
our results to the case of endogenous x is considered in Section 3.

3When testing for the purchasing power parity (PPP) hypothesis (where the intercept is zero by definition) or synchronous
dynamics among commodity prices, for example, it is not rare to find empirical models omitting the intercept.

“In order to simulate the distributions we consider that € in Assumption 1 is an identity matrix and o = 1. The Brownian
motions are generated from 10,000 observations and the simulations repeated 10,000 times.
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FIGURE 1. Asymptotic distribution of the OLS estimator of in a multiple cointegrat-
ing regression for different number of regressors. Panel (a) o # 0 and it is omitted
from the estimated regression. Panel (b) a = 0.

PROPOSITION 2. Suppose that Assumption 1 holds with k, = 1, such that B, = o,W,(r), where

Wy (r) is a standard Brownian process. Under the null hypothesis 3 = 3%,

1 1 B—p a  fo Wy(r)dr

VI (ena) T e ™

3)

As the denominator of the t-statistic is O(T") and the numerator is O(+/T), the ratio will diverge as
T — oo, such that it should be scaled by v/T. Furthermore, the distribution of the scaled t-statistic
is not free from nuisance parameters as both « and ¢, appear in the asymptotic distribution.

Although the above results are quite simple, the message is important and direct: Never omit the

intercept in a cointegrating regression. To our knowledge this is the first paper addressing this issue.

2.1. Simulation Evidence. To illustrate the results above we conduct a simple simulation exercise.

Consider the following data generating process (DGP):
y=a+x+u and 1z = 341 + Vg,

where u; ~ NID(0,1), v; ~ NID(0,1), and E(usv;) = 0, V¢, 7. The DGP was simulated for different
values of a. We consider the estimation of the slope coefficient when the intercept is erroneously
omitted. We study the effects on the empirical size of the t-test for Hy : § = 1 at the usual 5%
significance level. Table 1 shows the rejection rates of Hy when it is in fact true. As expected, when

a = 0, the rejection rates are close to the nominal size of 5%. However, the distortions tend to be
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TABLE 1. Empirical size of the t-test.

The table shows the rejection rates of the null hypothesis Ho : 5 = 1 when a t-test is used.
The nominal significance level is 5%.

Sample size a=0 =001 =005 a=01 a=1 a=10

100 0.044  0.045 0.064 0.124 0919 0.997
250 0.049  0.049 0.083 0.188  0.953 0.997
500 0.040  0.041 0.104 0.332 0963 0.995
1000 0.039  0.054 0.189 0.561 0973 0.996
5000 0.042  0.066 0.626 0.885 0.995 1.000

large as the value of the omitted intercept grows. Even for a small value of o, such as a = 0.05, the

rejection rates can be as high as 8% for 250 observations or almost 19% for 1000 observations.

3. A SIMPLE NONLINEAR-IN-VARIABLES MODEL

In this section we consider a cointegration regression with time-varying parameters. Our model
has a key feature that the cointegration relationship changes according to an observed state vector of
variables z;. We assume that z; is observable and second-order stationary. More specifically consider

the following assumption.

ASSUMPTION 2. The vector Y ; = (y;, ¢, 2}) satisfy
“4) Yt = ag + Poxt + a19(2¢) + Brweg(ze) + uy,

T = T+ o ue = Y Tugeri— = mu(L)eny v = 30 e24—5 = mu(L)eas 2t =
> ie0 T2j€31—j = Wz(L)es, mu(L), (L), and m4(L) are lag polynomials, 3 22 j|my,j| < oo,
> o dllmugll < oo, and 3777, jllm || < oc. Seter = (61775,82,15,6%70/ such that E(e;) = 0 and
E(eie}) = Q¢, where
w? wip Wiy
Qe=|wpo w Wwhs
wiz waz (3

Assume also that xo = 0 or is randomly drawn from a density independent of t. Finally, g(z) :

R*: — R is a known function of the stationary vector process z; € R¥=.

Model (4) may arise in a number of situations. Threshold cointegrating regressions where the

threshold is known are special cases of (4). Such kind of models are relevant when, for instance, the
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long-run equilibrium changes according to the business cycle. Suppose that g(z;) = d; is a dummy
variable indicating recessions, such as, for example the NBER recession indicator. In this case, (4)
becomes v = g + Boxt + ardy + Praedy + ug. Of course, in most practical applications g(z¢) will
be indexed by a vector of unknown parameters, i.e., g(z;) = g(z¢; 0). Although, we will not consider
this case explicitly here, the consequences of our main results below will also extend to the nonlinear

least squares estimator and a correction similar to the one proposed here should be considered.

ASSUMPTION 3. The stochastic process g(z) is such that E [g(z¢)] = pg < co and E [g(z¢)?] =

mg < oo. Furthermore, %ZtT:lg(zt) 2, g and ﬁ Zthl 9(z¢) A, N(ug,wg), where wg is
the long-run variance of g(z¢). Assume also that E[g(z:)u] = prgy < 00 and g, # 0. Finally,

%Z;&T:I g(z1)ug 2, Lgu and % Zthl 9(z1)uy 4, N(tgu, wgu), where wgu < 0.
Define the following stationary zero-mean process
’wé = [Ut, vg, 9(2t) — :ugag(zt)Z - mfpg(zt)m - Mgu]l € R*.
We make the following assumptions about w;.

ASSUMPTION 4. Each element of the process {w;}72,, satisfies: (a)E|wy|* < oo, i =1,...,k, for
2 <a<oo;and (b) {wit}2, i =1,...,k, is either uniform mixing of size —a/(2a — 2) or strong

mixing of size —a/(a — 2), for a > 2.

ASSUMPTION 5. The process wy has a continuous spectral density function f,,,(\) which is bounded
away from zero. Define X1(r) = \/TS7(r), where St(r) = %Egﬁ] w;, r € [0,1]. Hence,
Xrp(r) = B(r), asT — oo, where B(r) = [By(r), By(r), By(r), By (r),Bgu(r)]/ is a multi-

variate Brownian process with covariance matrix £ = Tlim TE[S7(r)St(r)'] defined as
— 00

Wi Weu  Wou  We2y  Wouu
2
Wouw Wy We  Wg2y  Wow
/
®) Q = wu we “’g Wg2g  Wygu =X +A+A,
2
Wezy Wg2y Wgzg Wh  Wezgy
2
Woguu Wguv Wggu We2gy  Wey
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accordingly to the partitions of wy, where ¥ = E(ww) and A = Tlim 50 o E(wywy)).
— 00
Set @ = (g, B1, a1, f1). The OLS estimator 0 is distributed as:

THEOREM 1. Under Assumptions 2-5 and the additional assumption that (14 7# 0,

- _71 - -

1 [ Bu(r)dr Ly g Ji Bu(r)dr N [0, w2, (1)2]
r(-o)= Jo Bolry?dr g Jo Bulr)dr g Jo B QdT Jy Bu(r)dBu(r) + A,
my mg fo By(r)dr N(ugu,w2 )
i m; fo 2d7” | Hgu fo r)dr ]

where Ay = Ope + Apy and T' = diag (T1/2, T, Tl/z, Tl/Q). On the other hand, if {14 = 0

— - -1 F -

1 [} By(r)dr 0 0 N [0, i, (1)?]
_ - Jy Bu(r)?dr 0 0 Ji Bu(r)dBu(r) + Mg
re—-0)= )
( ) mZ2  m? folB (r)dr N(,u,gu,w2 )
m; fo er Hgu fo r)dr

where Ay, = 04y + Agy and T is as above.

Two important features emerge from Theorem 1. First, as expected, the OLS estimate of 1 is not
consistent when z; is endogenous. Second, the asymptotic distribution of Bl may also be bimodal

due to the fact that E[z;g(2z¢)u:] # 0.

3.1. A Simple Solution. In this section we show how IV may be used in the present context. To

simplify the exposition, consider the case where x; is exogenous, such that w,,, = 0.

ASSUMPTION 6. s; € R is a stochastic process such that E [s;g(z¢)] # 0, E(siur) = 0, E(s¢) =
s < 0o, and E (s%) = mg < 00. Define X g, 7(r) = \/TSSU’T(’I"), where Sg, 7(r) = ZETE S;U;,
€ [0,1]. Hence, X, 7(r) = wsuWsu(r), asT — oco. W, (r) is a standard Brownian motion

and w?, is the long-run variance of the process s;us.

~ ~ ~1 ~
Define g; = Asy, where \ = (Z?zl s%) Zle stg(z¢). The distribution of the IV estimator 6

is given by the following theorem.
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THEOREM 2. Under Assumptions 2—6 and the additional assumption that wy, = 0, if 15 # 0 then

_ 4 -1 r -

1 [ By(r)dr Mis s [y Bo(r)dr N [0, wirm,(1)2]

F(g_ 0):» Jo Bo(r)2dr Mg [} Bo(r)dr s [} Bo(r)?dr Jo Bu(r)dBu(r)
A2m?2 N2m2 [} By(r)dr N(0, \2w2,)

N2m2 [f By (r)2dr A [ By(r)dWy,(r)

Otherwise, if us = 0, then

- _71 - -

1 [} Bu(r)ydr 0 0 N [0, w}rm, (1)?]
_ [ By(r)2dr 0 0 I By(r)dBy(r)
re—60)=
( ) Nm?2 o A2m2 fol By (r)dr N(0, A\%w2,)
i Nm2 [y Bo(r)?dr| | A fy Bo(r)dWeu(r) |

The matrix T is given by I’ = diag (Tl/z, T,T/2, T1/2) in both cases.

4. MONTE CARLO SIMULATIONS

Consider the following special case of the general model described in Assumption 2:

yr = ap +arl(z > 0) + oz + Sraed (2 > 0) + uy
= ].+37t+041.[(2:t > 0)+£L’tf(2t > 0)+ut,
zt =S¢ +ug, and x; = x4 1 + U4

I(A) is an indicator function which equals one if the event A occurs or zero otherwise, u; ~
NID(0,1), vs ~ NID(0, 1), s; ~ NID(0, 1), E(usv;) = 0, and E(s;u,) = 0, V¢, 7.

We consider two cases: «; = 0 and a; = 1. We simulate 5000 observations over 1000 replications
and evaluate the distribution of both the OLS and IV estimators of «g, a1, B9, and ;. The first stage
the I(z; > 0) is regressed on I(s; > 0). The results are shown in Figures 2-3. We also consider the
distribution of the t-statistic under the null hypothesis as shown in Figures 4-5.

Several features emerge from the graphs. First, depending on the value of o, bimodality may or
may not be present. When «; = 1, the OLS estimator of 3; is always bimodal, while the IV estimator

is not. Furthermore, in this specific case, the IV estimator has lower variance than the OLS estimator.
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Model 2: R Model 2: BO
1000
——OLS
goofL——W
600
4001
200
0 n n ]
0.8 0.9 1 1.1 1.2 1.3 0.99 0.995 1 1.005 1.01 1.015

Model 2: [31
3001

2501

200

150

1001

501

0
0.95 1 1.05

FIGURE 2. Empirical distribution of the OLS and IV estimators with a; = 0. The
data are simulated with 5000 observations and the Monte Carlo is conducted with
1000 replications.

The t-statistics for the OLS estimators display bimodality, whereas the the ones for the IV estimators
are, as expected, normally distributed. Second, the OLS estimator of (3; is always consistent. The
OLS delivers inconsistent estimators for both g and «; while the IV estimator is always consistent.

The t-statistic for the IV estimators are always distributed as a standard normal random variable.

5. CONCLUSION

The paper identifies a number of interesting cases that can arise in cointegration models. Bi-
modality is one such case. We show how bimodality arises; the consequences, including the loss
of super-consistency of the estimates in a simple case; and how the addition of regressors leads to
disappearance of the phenomena. Inclusion of an intercept removes both bimodality and inference
related problems arising from using a non-scaled t-statistic. Secondly, in the more general nonlinear

case, where, as expected, endogeneity leads to the possibility of inconsistent OLS estimates, but also
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Model 2: 0y Model 2: BO
20 7001
oS ——oLs
500
400}
300}
200
1001
0 n n 3
0 0.5 1 1.5 099 0.995 1 1.005 1.01 1.015
Model 2: o, Model 2: [31
12 500
——OLS ——OLS
10([ ——1IV 400t ——1IV
8 b
300}
6 L
200
4 L
ol 1001
0 - - . 0 - - g
0 0.5 1 1.5 2 25 0.98  0.99 1 1.01 1.02 1.03

FIGURE 3. Empirical distribution of the OLS and IV estimators with oy = 1. The
data are simulated with 5000 observations and the Monte Carlo is conducted with
1000 replications.

the potential for the asymptotic distribution to be bimodal. The use of IV in these cases removes both

bimodality and inconsistency.
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Model 2: oy Model 2: [30
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FIGURE 4. Empirical distribution of t-statistic for the OLS and IV estimators with
a1 = 0. The data are simulated with 5000 observations and the Monte Carlo is
conducted with 1000 replications.

PHILLIPS, P., AND V. HAJIVASSILIOU (1987): “Bimodal t-ratios,” Dicussion Paper 842, Cowles Foundation for Research

in Economic, Yale University.

APPENDIX A. LEMMA

LEMMA 1. Let {x;}_, be a stochastic process satisfying vy = x;_1 + v, where E(v;) = 0.
Define wy = (uy — ptu,vt), where uy is a stationary process with E(u;) = p, < o0o. Assume
that the process St(r) = = Zj Jwj, v € [0,1], satisfies the multivariate invariance principle.
More specifically, define X7(r) = TS7(r), such that X7(r) = B(r), as T — oo, where

B(r) = [Bu(r), B,(1)]" € R? is a vector Brownian process with covariance matrix

(6) Q= E(ww)) +Z (wiw},) + E(wpw))] =3+ A+ A
k=2
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Model 2: o Model 2: BO
041 ' 0.4r
L
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FIGURE 5. Empirical distribution of t-statistic for the OLS and IV estimators with
a1 = 1. The data are simulated with 5000 observations and the Monte Carlo is
conducted with 1000 replications.

Define Ay = 0yy + Ayw. Under the assumptions above, the following results hold.:
(@) if py # 0, then T2 ZZ;I T = fol B2dr;
() if Ayy # 0 and 1, = 0, then T—3/2 Zle riup = fol By(1)2dBy(r) + Ay fol By (r)dr;
(©) if Apy = 0 and ju,, = 0, then T—3/2 Zle riup = fol By (r)2dBy(r);
(d) and, if pi, # 0, then T-3/2 Zthl Ty = Yy fol By (r)dr.

Proof. First, define uf = u; — p,, and write 231:1 TIUp = fl Zthl x? + Zthl wiuf. Ttis well-
known that 1,75 30 27 = fol By (r)%dr. Direct application of the results in Theorem 3.1 in

Ibragimov and Phillips (2008) implies that

T 1 1
1
T3/ fou}* :/ B, (r)2dB,(r) +Aw/ By (r)dr.
t=1 0 0

Hence, (a), (b), and (c) follow from the above convergence limits.
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To prove (d) is enough to write Zthl Ty = Zthl Tt (fu +uf) = o Zthl T + Zthl xpuf,

and note that uuﬁ Zle Ty = fol B,(r)dr and % Zthl Ul = fol By (r)dBy(r)dr + Ayy.

APPENDIX B. PROOF OF PROPOSITIONS AND THEOREMS

B.1. Proof of Proposition 1. The proof is very simple. First, note that

_1T

R T T -1 T T
(,3 — ,3) = <; $t$2> ; :I:t(a + Ut) = (; $t$%> (Oé ; T =+ ; a:tut) .

Itis clear that 5 3"/ @z} = fol B(r)B(r) dr, =7 S = fol B(r)dr,and + 3] @y, =

J B(r)dW (r). Hence, as T3/ 1| @yuy 2 0,
T -1 T T
~ 1 , 1 1
\/T (B — B) = <T2 ; $t$t> (OZTV?)/2 ; Ty + 7T3/2 ; wtut)

Ny (/01 B(r)B(r)'dr>_1 /01 B(r)dr.

B.2. Proof of Proposition 2. Write the t-statistic as

ts 73

T —1/2
Y mlatu) | - 2 ey N >ty weu
— * Gu =
E?:l .%'% t ' P~ T 2 1/2 ~ T 2
Tu (D11 T Tu (D=1 Ti

=1

T T 1
1 Ofﬁ D1 Tt ﬁ D i—1 Teug a  Jy W(r)dr

VT ’ Ou (% 25:1 33%) v Ou (% ZtT=1 xf) 2 o U{)l W(T)er}

/2"
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B.3. Proof of Theorem 1. First, define the following matrices: H = diag (\/T, T.VT, T) and
D = diag <1, 1,1, \/T) Note that

- -1

1 ﬁ S T S 9(z1) ﬁ S 9(ze)m
D-'H (5 _ 0) _ % 23:1 a7 ﬁ Zthl 9(z1)me % Zle 9(ze)a7
FYi9(z)? e Y (20w
L % ZtT:I ek |
ﬁ 23:1 ut
y e

ﬁ Zthl g(zt)ut

T
_ﬁ > i1 xtg(zt)ut_

Therefore, for 1, = 0 we need to show the following: (a) ﬁ ZtT,l Ty = fol By( r)dr' (b)
T EY 1 9(20) B pgs (©) T3/2 i 19(Zt)xt = Mg fo r)dr; (d) 7 Yt} = fo r)2dr;
(e) T2 Zt 19(Zt)37% = Hg fo r)?dr; ® 7 Zt 19(zt) L m ; (2) Wzle 19(zt)2wt =

2f0 r)dr; (h) - 7 Zt lg(zt)Qa:% = m?2 fo r)2dr; (i) \th 1 Ut 4N [0 wlﬂ'u( )2],
G) A T Zt | Ty = fo r)dBy(r ) + Apu; (K ﬁZt:l g(z¢)uy 4, N(ugu,wgu); and finally
Dbz Soier 2eg(ze)ue = pgu fy Bu(r)dr.

In the case py = 0, (¢) and (e) should be replaced by the following: (c’) ﬁ Zle Gt Ty 250
and (e’)% ZL g(z)x? 2 0.

First, define g; = g(21), 97 = 9(2¢) — p1g» 97 = 9(z¢)?, and g7* = g(2z)> —m.. Itis clear that (a),
(d), and (j) follow from standard results in the literature and (b), (f), (i), and (k) are trivially satisfied.
Next, write Zthl 9Tt = Zthl (mg + g7) @t = pg Z?:l Tt + ZtT:1 gi T

It is clear that

T 1 T 1
1 1 .
Mo 52 Zaﬁt = MQ/O By (r)dr and T th Ty = /0 B,(r)dBy(r) + Agy
t=1 t=1

Hence, if pg # 0, T3/2 Zt L9tTe = g fo r)dr and (c) is proved. Otherwise, if ;1 = 0,
T Zt 1 91T = fo 7)dBg(r) + Agy, such that W thl gire 2 0 and (¢) is proved.
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Following the same reasoning, write

t=1
1 T 1 1
—3 > _9iz; = | By(r)’dBy(r) + Ay, | By(r)dr.

T3/2 pot 0 0
Therefore, if y1y # 0, 75 Et L 9T = g fo r)?dr and (e) is proved. If yig = 0, ST ga? =
fol By(r)2dBy(r) + Agy fo r)dr, such that T2 Zt L gtx? L, 0 and (¢*) follows.

Now, let’s turn to 3.0, g?x;. Again, S\ g2z, = SI1 (m2 + g¢*) z = m}, Zo x + O(T).
Hence, —75 S g = m? fol B, (r)dr and (g) follows.

Following similar arguments, it is straightforward to prove (h). To prove (1), define n; = gyus — figu

T T T T
Yo wgeu =Y (gu + 1) Bgu Y w0+ ) Ty
=1 =1 =1 =1

From Lemma 1, it follows that

T
1
Hoursr Zaﬁt = ,ugu/ r)dr and — thm = / 7)dBgu(r) + Aguo-
t=1
Therefore, if f14, # 0,

T 1
1
32 Z Tegruy = Mgu/ By(r)dr
t=1 0
else

thgtutj/ ngu ) Aguv-
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B.4. Proof of Theorem 2. Define T' = diag (ﬁ T T, T) and write

( . -1 :

Z?:l 1 Zthl Tt Z?:l gt 23:1 ey Z?:l Ut
I (5 B 9) _ I S m Y G Yo Gerd pil o S
ZtT=1 9t Z,ir—l giwe Zthl grut
L i Zt 1 97 It _ZtT:1 $t§tut_

Therefore, for s = 0 we need to show: (a) ﬁ th—l T = fol By( r)dr; (b) % Zf_l Tt 2, Albs;

© T3/2 Zt 1 9eTt = A fo r)dr; (d) T2 Zt 17 = fo r)?dr; (e) T2 Zt L G =

Aﬂs fo r)2dr; (f) Zt 19 >‘2 iu,(g) 373 Zt 19t55t = \m 2fo 7)dr; (h) 7 Tz Zt 1@293% =
2f0 r)2dr; (i) \F Zt 1 Ut 4N [0 wlﬂu( ) ]; G) A T Et_l Tiup = fo B, (r)dBy(r); (k)

ﬁ thl Jrug , N(0, \2>m202); and (1) 2 7 Zt 1 Tegrug = /\fo (r)dWy ().

In the case us = 0, (c¢) and (e) should be replaced by (c’) W Zle Gy 2,0 and (e
% Zthl giz? 0. Ttems (a), (d), (i), and (j) follow trivially as in the proof of Theorem 1. Writing
g = Xst and noting that plim A= A, it is trivial to prove items (b), (f), and (k). The proof of the

T—s00

remaining items are similar to the ones in Theorem 1.
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